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0. Introduction. 



The key notion of the most recent 'layer' of noncommutative differential geo- 
metry a la' Connes [9] is spectral triple^ which encodes the concept of a non- 
commutative Riemannian spin^ manifold. 

In the classical (commutative) situation the spectral triple {A^ 7Y, D) canoni- 
cally associated with a Riemannian spin^ manifold consists of the algebra A of 
smooth functions on M, of the Hilbert 7{ space of (square integrable) Dirac 
spinors, carrying a representation of A (by pointwise multiplication), and of 
the Dirac operator constructed from the Levi-Civita' connection (metric 
preserving and torsion-free) plus a [/(l)-connection. 

If M is spin and even-dimensional there exist the operators J and 7 real struc- 
ture and gradation (known also as charge conjugation and parity). All these 
data are of great importance both in Mathematics and Physics. They satisfy 
certain further seven properties which allow to reconstruct back the underlying 
differential, metric and spin structure. 

A generalization of these concepts to noncommutative algebras in the frame- 
work of noncommutative spectral geometry has already found plentiful appli- 
cations. But the whole zoo of q-deformed spaces coming from the quantum 
group theory, was commonly believed not to match well the Connes' approach. 
This was supported by some apparent "no-go" hints such as that exponentially 
growing spectrum of the quantum Casimir operator would prevent bounded 
commutators with the algebra, some known differential calculi seemed not to 
come as bounded commutators with any an early classification of equiv- 
ariant representations missed the spinorial ones and also on some deformation 
theory grounds. However, the intense recent activity indicated a possibility to 
reconcile these two lines of mathematical research. 

In this paper spectral triples on some of the simplest studied examples of quan- 
tum spheres of lowest dimension (2 and 3) are reviewed. More precisely, we 
shall be concerned mainly with (the algebra of) the underlying space of the 
quantum group SUq{2) and its two homogeneous spaces known as the standard 
and the equatorial Podles sphere (see [15] for the list of other low dimensional 
spheres). 

For the sake of consistent as far as possible choice of conventions and notation 
for different examples some of the original formulae are given in an equivalent 
form. In the sequel < q < 1 and [x] = where [x]q := '^ql^-i for any 
number x. 
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1. Spectral triples. 



We recall the general definition. 

Definition 1. A (compact) spectral triple {A,7{, D) consists of a (unital) *- 
algebra A of bounded operators on a Hilbert space 7i and a self-adjoint operator 
D = onH with 

i) compact resolvent {D — X)~^, VA G C \ specD 

ii) bounded commutators [/^,Q;], Va G A. 

A spectral triple is called even if a grading 7 of is given, 7^ = 1, such that 
aEA are even operators, = 70;, and D is odd Dj = — 7D. Otherwise it is 
called odd (by convention then 7=1). 

A spectral triple is called real if an anti-linear isometry J is given, whose adjoint 
action sends A to its commutant 

[a,J^J-i] = 0, ya,f3eA. (1) 

We are particularly interested in spectral triples on homogeneous embeddable 
quantum spaces, described by a comodule subalgebra ^4 of a Hopf *-algebra H. 
It is natural to employ their symmetry in order to reduce the search freedom 
or to find equivariant triples. The formulation of the symmetry in terms of 
coaction and coproduct in H has not yet been presented but one can work with 
the dual quantum group. 

To deal with the equivariance we shall use action of a Hopf *-algebra U. Typ- 
ically U is dual of H in the sense of nondegenerate Hopf algebra pairing (e.g. 
a quantum universal enveloping algebra). This yields two commuting (left and 
right) ?7-module algebra structures on H 

u> h = hi{u,h2), h<u = {u,hi)h2 , (2) 

where we use Sweedler's type notation for the coproduct in H. The star struc- 
ture is compatible with both actions: 

u>h* = {{SuY > /i)*, h*<u={h< (S'u)*)*, Vu G [/, heH, (3) 

where S is the antipode in U. 

The actions (2) can be combined into a (left) action of U ^U^^viSi {u®u') > x := 
u \> X < u'. (Another option is to pass to the left action of U <^ U by using S 
and a suitable automorphism anti co-homomorphism of U). 
In case A is a proper subalgebra of H, we assume that (at least) some nontrivial 
Hopf subalgebra U oiU ® survives the restriction to A. 
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We shall use the following general definition. 

Definition 2. Let U he a, Hopf *-algebra and A he a, [/-module *-algebra. A 
spectral triple {A,7i,D) is called CZ-equivariant if there exists a dense sub- 
space V inTi such that 

i) y is a module over A>iU, so in particular 

u{av) = {ui > a){u2 v) Vu £ [/, o; £ ^4, -u £ 1/ ; (4) 

ii) u* C onV (as unbounded operators); 

iii) D{V) C V and D is invariant 

Du = uD, {onV), WeU . (5) 

Moreover, for C/-equi variant even and/or real spectral triples we shall require 
that jiV) d V, = ju and/or that J is the phase part of some J, which 
satisfies J{V) cV,uJ = J(5'w)*, Vw e U. 

(In (4) Sweedler's type notation is used for the coproduct in U and > for the 
action of U on A). 

On top of the above a series of further seven requirements (axioms) [10] (see 
also [20]) are required to describe a noncommutative (compact Riemannian 
spin) manifold, that we briefly recall. 
A spectral triple (^4, H, D) is regular (or smooth) iff 

[\Dl...[\Dlp]^ 

n 

are bounded V n £ N, [3 e Ayj[D,A\. 

This condition permits to introduce the analogue of Sobolev spaces Ti^ := 
Dom{\D\^) for s > (assume that TL'^ := ns>(iH^ is a core of \D\). Then 
T -.rr ^rC^ has analytic order A: iff T extends to a bounded T : n^+'-^H', 
Vs > 0. 

It turns out that AiTC^) C 7i°°. Moreover [14] (see also [21]) certain algebra 
V = UVk of differential operators can be introduced as the smallest algebra 
of operators on H°° containing AU [D, A] and filtered by the analytic order /c £ N 
in such a way that [D'^,Vk\ C Vk+i- Next the space of pseudodifferential 
operators of order A: £ Z consist of those T : — ^ which for any 
m £ Z (especially m « 0) can be written in the form 

T = So \D\^ + Si \D\^-^ + ■ • ■ + Sk-m \Dr + R , 
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where Sj G Vj and R has analytic order < m. (Assume that \D\ is invertible; 
otherwise work with vT + ^D^) . 

It can be seen that is the algebra generated by the elements of [D, ^4] and 
their iterated commutators with \D\, and that [0^,"^/^] C ^fc+i- The algebra 
structure on ^ := Ukez^k can be read in terms of asymptotic expansion: 
T ^ XljeN^i' whenever T and Tj, for j G N, are operators — ^ 7^°° and 
Vm G Z, 3 N such that VM > TV, T - Xljli has analytic order < m. For 
instance for complex powers of |Z>| (defined by the Cauchy formula) one has for 



The algebra provides a convenient framework to study the residues of the 
zeta functions. For that it suffices that dimension requirement holds: 3 n G N 
s.t. the eigenvalues (with multiplicity) of |/^|"", Hk = 0{k~^) as /c ^ oo. (The 
coefficient of the logarithmic divergence of := l^k-, denoted ^ 
defines the 'noncommutative itegral'). 

It follows that for k > n, D^^ is trace-class, i.e. finitely summable. Then 
dimension spectrum is the set E of the singularities of zeta functions 



for any G ^o- 

If S is assumed to be discrete with poles only as singularities then V T G ^'fc the 
zeta function Trace(r|D|~^) is holomorphic in a half-plane of C with >> 
and has a meromorphic continuation to C with all poles contained in S + A;. 
If in addition E contains only simple poles then the residue functional 



is tracial on T G (c.f. [27]). 

These tools serve for the local index theorem of Connes-Moscovici [14], which 
provides a powerful algorithm for performing complicated local computations 
by neglecting plethora of irrelevant details. 

Another analytic requirement is finiteness and absolute continuity: A ad- 
mits a (Frechet) completion A which is a pre C*-algebra and 7Y°° is finite 
generated projective left ^-module. 



T G 




C/3(z) = Tracew(^|L>|-^) 



(6) 



r(T) := i?es^=oTrace(r|L'|~^) 



Among the algebraic conditions for a spectral triple we shall use the real- 
ity condition iff (A, 7Y, D) is real and certain sign conditions are satisfied for 
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the square of J and its (anti) commutation with 7 and with D, and the first 
order condition iff 

[[L»,a],J/3J-^] =0, \/a,(3eA. (7) 

is satisfied. There are two more algebraic conditions. The first is orient ability: 
there exists a Hochschild n-cycle 

^ Co c'o Ci (g) ... (g) Cn) G Zn[A, A ® A^^) , (8) 

such that 

^coJ(c'o)*J-i[Aci]...[Acn] = 7, (9) 

where n is the dimension and 7 the gradation operator. The second one is 
Poincare duality, which can be formulated as the requirement that the pairing 

Kq{A) X Kq{A) ^ {[p], [q]) ^ 1/2 Index {pJqJ-\l+'yD'y)pJqJ-^) (10) 

and 

Ki{A) X Ki{A) ^Z, {[u\,[v]) ^ l/4:lndex{{l+D/\D\)uJvJ-\l+D/\D\)) 

(11) 

is nondegenerate. 

2. Quantum 3-sphere. 

In this section we present spectral triples on the quantum 3-sphere underlying 
the quantum group SUq{2). We start by recalling its definition, the quantum 
symmetry algebra and its representations. 

The unital *-algebra A{SUq{2)) [28] (0 < g < 1) is generated by a, (3 satisfying 

a(] = q(3a , a(3* = q(3*a , (3(3* = (3* (3 , a* a + (3* (3 = I , aa* + q^(3(3'' = 1 . 

The classical subset is (the 'equator') given by the characters (3 0,a X 
with |A| = 1. The C*-algebra A associated to A is isomorphic to the extension 
of CiS^) by /C (g) C{S^). The i^-groups are Kq = Z,Ki= Z. 

The dual (infinitesimal) symmetry of A can be described using the quantized al- 
gebra Uq{su(2)), which is a *-Hopf algebra with generators e, /, k, satisfying 
relations 



ek = qke, kf = qfk, k^ - k ^ = {q - q ^){fe - e/), 
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and the coproduct 

Ak = k<S)k, Ae = e (g) A; + A;"^ e, A/ = / A; + A;"^ / . 
Its counit e, antipode S, and *-structure are given respectively by 

e{k) = 1, e(e) = 0, e(/) = 0, 

Sk = k-\ Sf = -qf, Se = -q'^e, 

F = k, e* = /, r = e. 

The (commuting) left and right actions (2) of Uq{su{2)) on the generators of 
A{SUq{2)) read explicitly 



and 



k> a 


= q ^a, 


k>a* 


1 * 




q^(3, 




q '^p- 


f>a 


= 0, 




= -/?*, 


/>/? = 


q~^a, 


f>P* = 


0, 


e\> a 


= gA 


e> a* 


= 0, 


e>(3 = 


0, 


e>/3* = 


* 

—a , 


a <k 




a* <] k 


= q-^a , 


P<k = 


q-^(3, 


/3*<k = 


--q'^P* 


a<f 


= -b% 




= 0, 


(3<f = 


-1 * 
q a , 


(3*<f = 


--0, 




= 0, 


a* <e 


= gA 


(3<e = 


0, 


f3*<e = 


-- —a. 



(13) 



They can be combined into one (left) action of Uq{su{2)) Uq{su{2)) by 

[u® u') > X := u> X <\ (S"~-^6(u')) , 
where Q : k k~^, e i— ^ — /, / i-^ — e. 

We recall the irreducible finite dimensional representations ai of Uq[su{2)) la- 
beled by spin £ = 0, ^, 1, |, 2, . . . 

/ Q,m = - m]5[^ + m + 1]5 e£,m+i 

ee^,m = [^-"^+ + e£,^_i (14) 

where the vectors e^^, for m = — i?, 1, i?, form a basis for the irre- 

ducible [/-module Vf. In fact ai are *-representations of Uq{su{2)), with respect 
to the hermitian product on for which the vectors e^^ are orthonormal. 

We return to the quantum 3-sphere SUq{2). 

Let X be the normalized Haar state on A, and let L'^{SUq{2)) be the Hilbert 
space associated with x- Take the orthonormal basis of L?-{SUq{2)) as 

e^j := [2£+ £ G 1/2 N, i, j G {-£, -£+1, ...,£}, (15) 
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where tfj is (i, j')-th matrix element of the unitary irreducible corepresentation 
of spin £. 

We shall use the left regular unitary representation of A in L?[SUq[2)) which 
on the generators reads explicitly 

n _ ^2£-2j+2\l/2/i _ „2^-2i+2\l/2 



1 _ q2£+2jy/2(^i _ q2£+2iy/2 



' (1 _ ^4^)1/2(1 _ q4i+2y/2 ^^-y-\,3-\ 

(l_g2£+2j)l/2(i_^2^-2y/2 

This representation satisfies par excellence the requirement ii) of Definition 2 
with the full symmetry Uq{su{2)) Uq{su{2)). 

We pass now to the question of spectral triples on SUq(2). 

In [1] the Hilbert space of Dirac spinors is introduced as 7Y = L?{SUq{2)) 

with the orthonormal basis chosen as 



where G |N, i,j = — f , — + = 0, C denote the g-Clebsch-Gordan 

coefficients [1] and 6+, e_ is the standard orthonormal basis in (e± = ei if 
identifing with Vi). The unitary representation of A acts on 7-^ as a tensor 
product of I2 and the left regular representation (16,17). A candidate for the 
Dirac operator is defined in [1] by declaring v^- v^- ■ to be its eigenvectors with 
eigenvalues [£]g2 and — [£+l]g2 respectively. Unfortunately, it has unbounded 
commutators with the algebra A. 

For that reason in [19] a modified operator D has been proposed following 
the suggestion in [13] and [12]. It has the same eigenvectors v^ij,Viij but the 
corresponding eigenvalues and — ^) respectively, have a linear growth. 
It turns out that its absolute value \D\ (though not D itself) does satisfy the 
requirement of bounded commutators with the algebra A. Thus, {A, H, \D\) is 



a spectral triple. Unfortunately it fails to capture topological information of 
the underlying noncommutative space being \D\ a. positive operator. Indeed the 
sign of is trivial and the corresponding Fredholm module has trivial pairing 
with iC-theory. Accordingly, the Poincare duality axiom does not hold. 

Another spectral triple on SUq{2) was presented in [6]. Therein, the Hilbert 
space 7i is just (one copy of) L'^{SUq{2)) with orthonormal basis (15). The 
unitary representation is just (16,17). The Dirac operator (up to a numerical 



where 6 is the Kronecker symbol. It has bounded commutators with A. Due to 
the term with 6 the condition iii) of definition 1 is satisfied only for one copy 
of Uq{su{2)), which is the 'broken' symmetry of this spectral triple. Though 
D is not a positive operator, the Poincare' duality does not hold [8]. Another 
feature is that there is no 'classical' limit since [D, h] blows up for some h ^ A 
as g — ^ 1. Moreover, J is not provided and the first order condition for D 
can not be established. In a sense, this example corresponds rather to a spiuc 
manifold with Finsler metric. 

Despite these peculiarities the spectral triple of [6] has been intensively stud- 
ied in [11] from the analytical point of view. Therein, among other things, 
certain smooth subalgebra of A was defined, stable under holomorphic func- 
tional calculus. The regularity condition was verified and the pseudodifferential 
calculus constructed. Its algebra of complete symbols was determined (by com- 
puting the quotient by smoothing operators) and the cosphere bundle of SUq{2) 
constructed together with the geodesic flow. The summability condition was 
verified and the dimension spectrum computed to be S = {1,2,3}. The reso 
of the zeta function was explicitely computed and the explicit formula for the 
local index cocycle obtained. 

Yet another spectral triple on SUq{2) appeared in [7]. Therein, the Hilbert 
space Ti has orthonormal basis eij with i G N, j G Z. The (faithful) unitary 
representation is 



It is equivariant under the action a ^ za,P w/3 of the group U{1) x U{1), 
implemented on H by e^j i-^ z'^w^ e^j. A class of U{1) x ?7(l)-invariant Dirac 



factor) is 



D ee,i,j = (1 - 2 Si/) i ee,i,j , 




,3 ' 



(18) 

(19) 
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operators was identified and among them 

D Sij = {i sign(j) + j) e.^j (20) 

which is 2-summable and not positive. In the 'classical' limit a degenerates to 
and P becomes the simple shift. This example also corresponds to a spin^ mani- 
fold with Finsler metric since J is not provided and the first order condition for 
D can not be established. However, interestingly the corresponding Connes-de 
Rham and the square integrable differential complexes have been computed. 

Very recently a spectral triple appeared [18] with several nice properties. 
The Hilbert space is L'^{SUq{2)) (note the order !). The representation of 
Uq{su{2)) (g) Uq{su{2)) comcs by couphng the first factor oi V = 0^=o^^ ^ ^ 
with Vi. So in particular, u<S>u' is represented as 

^ ai{ui) ai{u') CTi (w2) . 

2£>0 

Next, this coupling is diagonalized by decomposing the tensor product with 
as 

H = e = ly/ e vf/ . 

2j>0 2j>l 

(For consistency with the labeling of the representations by spin the index £ is 
offset by Hence, the orthonormal basis is 

ej>ni •= ^j-fx+n ® ei _i + Sj^ ^j-n-n ® (21) 

for the labels j = jJi = with ji = — j, . . . , j and n = • • • , and 

ej>nT := ^j+^+n ® ei_i + Cj+i,^ ej+^-n ei,+ i , (22) 

for the labels j = I — ^, ^ = m— ^, with /i = —j, . . . ,j and n = . . . , 
Here the coefficients are 

Cj, := [j - lAh^jrK Sj, := [j + //]^[2i]-^ (23) 

and shorthand notation := k ^ ^ is adopted. (Notice that there are no J, 
vectors for j = 0). 

In order to simplify the formulae for the representation of A on 7Y, the pair 
of spinors is juxtaposed as 

,«) := (■"■') , 
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for j G 1/2N, with // = — j, . . . , j and n = — ji — ^, . . . , j + ^, with the convention 
that the lower component is zero when n = zb(ji + |) or j = 0. Furthermore, a 
matrix with scalar entries 

^= f^n ni^ 
W mJ ' 

is understood to act on \jlJ.n)) by the rule: 

'^ej>ni = ni^i^ni + ni^i^nT- (25) 

The unitary representation tt of A on L?'[SUq[2)) is the tensor product 
of the left regular representation (16,17) and l2- On the basis (24) it reads 
explicitly 

a* = a+^Jj+fi-n-)) + aj^jj' fi-n-)), (26) 

b* \jiin)) = Ptun\j^l^~n^)) + i-„„|j-/i-n+)). 



where a^^^ and are, up to phase factors depending only on j, the following 
triangular 2x2 matrices: 

JM« ^ ^ J I 1 [j-n+l]i/^ ■ b+n+l]V^ I 

\y [2j + l][2j+2] ^ [2,H1] 

/_ [i-n+l]V^ 1 b-+n+l]V^ ' 



q-^- 



[2i] 







y [2j+l][2j+2] ^ [2j+l] 



^- -a^-'^-^-^VMi-ulU ['^■+'1 ^ [2j][2i+l] 



1 [j+ri+il^ [j-n+^] V^' 





[2i] 

and the remaining matrices are the hermitian conjugates 
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This (spinorial) representation is equivariant (c.f. ii. of Definition 2) under the 
full symmetry Uq{su{2)) Uq{su{2)). 

(Note that the decomposition of V as taken in [1] and [19] differs from 
y by the g-Clebsch-Gordan coefficients according to the rule 

^ /j / m\ ^ / / j m 
'^\r s t J — r —t 

which amounts to a substitution of q by in the coefficients C and S (23). 
However, is not equivariant in the sense of Definition 2.). 

As far as the Dirac operator is concerned, it is diagonal with linear eigenvalues: 
where 

d] = c\j + 4, 4 = c[j + 4, (29) 

with c[, 4, 4, 4 independent of j. (The multiplicities are (2j + l)(2j + 2) and 
2j(2j + l)). 

Such D is selfadjoint on a natural domain and has a compact resolvent. The 
linearity of eigenvalues suffices to check that [D, x], x G ^, are bounded. More- 
over D is invariant under the full Uq{su{2)) Uq{su{2)) by construction. 
In addition, if c[ = — cj, 4 = — 4 + c\ then the spectrum of D coincides with 
that of the classical Dirac operator Ip on the round sphere 5*^, up to rescaling 
and addition of a constant. Thus, this spectral triple is an isospectral deforma- 
tion of (C°°(S'^), H, Ip), and in particular, its spectral dimension is 3. 
Altogether, {A{SUq{2)),7i, D) is a 3+-summable spectral triple, equivariant 
under the full symmetry Uq{su{2)) ® Uq{su{2)), which is the rationale of its 
construction. 




There is also an antilinear conjugation operator J on 7i which is defined ex- 
plicitly on the orthonormal spinor basis by 

J ^jjj-nl '■= i ^ ^ Ej-^-n^i- (30) 

It is immediate that J is antiunitary and that = —1, since each 4j ±2(// + n) 
is an odd integer. Moreover, JDJ~^ = D since D and J diagonalize on their 
common eigenspaces Wj and Wj. 
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Besides these usual properties J departs from the axiom scheme for real spectral 
triples. Namely it does not map tt'{A) to its commutant, but it does (!) modulo 
the two-sided ideal Q of B{7i) generated by the (positive trace-class) operator 
Lq\jiinf) := \jl^nj). (^ C /C is contained in all ideals of infinitesimals of order 
a for any a> Q). 
More precisely, for any x^y G A, 

[Jxr\y\eG. (31) 

Also the first order condition holds only up to that is for all y G A, 

[JxJ-\[D,y]] eg . (32) 



We remark that in a sense this spectral triple realizes the suggestion in [13] 
and [12]. However differently to [19] (and [1]), the spinor representation is 
constructed by tensoring L'^{SUq{2)) by on the right rather than on the 
left. Though the Clebsch-Gordan decomposition looks similar, the different 
asymptotics of the appropriate Clebsch-Gordan coefficients leads to bounded 
commutator [D, tt{x)] instead of unbounded one for some x in [19] (where the 
off-diagonal terms in 7t{x) are not compact but rather can be bounded from 
below). The origin of such a drastic difference is the (unbounded) non co- 
commutativity of Uq{su{2)). 

3. Quantum 2-spheres. 

We pass now to 2-dimensional examples. 

3.1. Standard quantum sphere. 

The algebra A of the standard Podles quantum sphere [24] can be defined in 
terms of generators a = a*,b,b* and relations (0 < g < 1) 

ab = q^ba, ab* = q'^b*a, . . 

bb* = q-^a{l-a), b*b = a{\ - q^a). ^ ^ 

The associated C*-algebra is isomorphic to the minimal unitization of the com- 
pacts /C. It has one classical point given by the character a i-^ 0, 6 i-^ and 
/^-groups are = I? ^ Ki = Q. 



13 



The algebra A was discovered as a 74(5'[/g(2))-comodule algebra, but it can be 
also viewed as a subalgebra of A{SUq{2)) generated by 

h=-a*[3, h* = -[3*a, a = [3[3* = a\ (34) 

Thus the standard Podles quantum sphere is not only a homogeneous SUq{2)- 
space, but also a quotient space SUq{2)/U{l). (In fact the quantum Hopf 
fibration and monopole connection are well known.) 

The > action (12) of Uq{su{2)) descends to A, up to equivalence it reads 

13 3 1 

e t> 6 = — (g2 + g~2)a 4- q-i^ e>b* = 0, e>a = q~^b*, 

k>b = qb, k>b* = q~^b*, k>a = a, (35) 

3 11 1 

/ 1> 6 = 0, / t> 6* = (g2 + g"2)a — f>a = —q^b. 
However this is not the case for < . Indeed setting for m G | Z 

Am = {he A{SUqi2)) \h<\k = q'^h}, 

(in particular Aq = A) it is easy to see that Am< e = A^+i and Am< f = Am-i- 
(Nevertheless < will still play a role in the sequel). 

A spectral triple on the standard Podles sphere has been constructed in [16]. 
The Hilbert space 7i has the orthonormal basis e£^rn,s with £ G N + 1/2, m G 
{—i, ...,£} and s G {—1,1}. The bounded representation tt of A on 7-^ 

reads: 

(36) 

where 

/I „2^-2m+2^ 1/2/1 „2^+2to+2U/2 

+ ^ _ 2^+m+i-s/2 \^-q ; \^-q )_ 

^.m^s y (^l_g4m)l/2(^]^^g2£+3^^2f+l_^6f+7_^6£+5_^8£+8^1/2 ' 

4m,. = (1 V)"' + 

(l-g4^+2 + g2^+2m^^2mm+2) 1 _ ^2^-1) (1 _ ^2^) _ g^2£+.(l _ ^2) j 

(l + g2)(l-g4£)(l_^4m) ' 

/I ^2^-2m\l/2/-i ^2£+2m\l/2 
^ _ 2^+m-l-s/2 U - g j ' U - g ) ' 

^t,rn,8 y (l_g4^^1/2(^]^^g2^+l^g2^-l_g6^+l_g6^-l_g8^^1/2 ' 

(37) 
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/I „2£+2to+4A1/2/i „2£+2to+2A1/2 

L+ ^ Is 12 u ~ g J u - g j_ 



_ 

M ^2£-2m\l/2/i ^2^-2to-2\1/2 

^ _ 2m+3^-s/2 u - g ) ' q )_ 

^^m,s y (-|^ _ ^4£^l/2(i ^ ^2f+l _^ ^2£-l _ ^6£+l _ q6£-l _ q8£y/2 ' 

(38) 

(The formulae for b* are similar). 

The action of Uq{su{2)) on A is as in (35). The *-representation of Uq{su{2)) 
on 7"^ is a direct sum of the halfinteger spin {£ E N + 1/2) finite dimensional 
irreducible representations a£ (14) of Uq{su{2)) with multiplicity 2 [s = ±1). 
This corresponds to the simplest possible even spectral triple; higher multi- 
plicities can be dealt accordingly. 

With this, TT is a direct sum of (the only) two inequivalent ?7g(sw(2))-equivariant 
representations 7t± of ^(5*^) on TC± (s = ±1). In fact, 7r± are irreducible repre- 
sentations of A{Sq)yiUq{su{2)). 

Next, in [16] the following operators are constructed: the grading 

l^l,m,s = S e£^m,s , 

the reality structure 

jQ,m,s = 'i "^Q-m-s, (39) 

(antilinear isometry satisfying = —1, 7J = — J7 and sending A(Sq) to its 
commutant), and the Dirac operator 

Dei,m,s = [i+l/'2] ei,m,-s, (40) 

satisfying = —jD and DJ = JD and Du = uD,\/u G Uq{su{2)). 
In [16] it is shown that such data [A^H., J,j) define a (compact) real even 
[/g(su(2))-equivariant spectral triple, which satisfies the first order condition. 
Moreover, with the action (35) and the representation (36,37,38), D is unique 
up to multiplication of the r.h.s of (40) respectively by z (or z) when s = +1 (or 
s = —1), where z G C \ {0}. Evidently D is a (unbounded) selfadjoint operator 
defined on a natural dense domain in 7{ consisting of i/j = '^im s^^,'m,s^i,m,s ? 
Ci,m,s G C, such that (l + [^ + |]^) |c£,m,sP < 00. 

The limit g ^ 1 is in agreement with the classical spectral triple on 5*^, identi- 
fying ei^m^^ with Y^^. Also, J coincides with the charge conjugation on spinors 
and D has the correct q = 1 limit. 
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The geometrical meaning of 7i, J, D given above is quite clear. Recall that 
classically Dirac spinor ijj on S'^ is a section of certain rank two vector bundle 
associated to the bundle of spin frames, which is nothing but the Hopf bundle 
U{1) SU{2) 5^. Equivalently, can be thought of as [/(l)-equivariant 
(under z z"^ © z) C^-valued function on SU{2), or equivalently, as — | ® ^ 
eigenvector of <iH (Cartan generator of su{2)). Of course the space F = {ip} 
of such polynomial spinors is a finite projective module over A. 

The q-deformation of these bundles (and more) is well known [2], [22] and we 
can view SUq{2) as the bundle of spin q-frames, and Dirac spinors Tq as q~^®q^ 
eigenspace of the action < of on A[SUq[2)). Explicitly, 

Vq = A_i ® Ai= span^ja, /?} span^ja*, /?*} . 

It is a finite projective module over A, with a projector in Mat(2, A) 0Mat(2, A) 
being 




a*a qa*(3 
qP*a q^(5*(5 




(41) 



(42) 

The Hilbert scalar product comes by restriction from L^{SUq{2)) and sending 
Q,m,s [2i + l]^^^^^~*'^^££,s/2,TO gives unitary isomorphism. This explains the 
relation of 7i± and H to q-deformed Hopf bundles. 

With this setup the above Dirac operator is just ^ ^ . Then the invari- 

ance (5) is clear and since <e and </ are twisted derivations it is immediate to 
see [26], [23] that for x e A 

are bounded. 

We comment on other axioms. Concerning the dimension axiom the eigenval- 
ues of \D\ are ±[/c]g with degeneracy 4/c, where k := £+1/2 G N. Thus the 
eigenvalues of \D\~^ decrease exponentially as A; — ^ oo for Rez>0 (recall that 
q < 1). By summing the derivative of the geometric series finite-summability 
holds, actually e-summability for any e > 

TraceHli^T' < 4(g - q'^q'/^q' - if . 
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Next Gjsf/logN for all ^ > 0, ^ oo for z < 0. So, loosely speaking, the 
metric dimension of this geometry is '0+', which matches the known drop by 
2 of the cohomological dimension of q-spaces. More precisely, the dimension 
spectrum S should be studied, e.g. the singularities of Ci3i^) = Trace7^(/? I-C^T^)- 
For /3 = 1 its most divergent part goes as 

fceN ^ ' ' 

as 2: ~ ^-Kinjh^ where h = logq, Vn G N (at least for Re(z)> 0). This suggests 
that S should contain a (discrete) infinite lattice 27rin/h, n G Z of double poles 
on the imaginary axis. 

That simple poles are excluded could be expected from the divergence of a^/logN 
at 2; = 0, due to Tauberian theorem. Recall also that complex poles may appear 
on fractals and multiple poles on singular manifolds. 

Concerning the reality requirement J is tailored as in the (naive) dimension 
= 2, (as indicated by the signs in = —1, JD = -\-DJ and J7 = —7 J), 
which has at least the same parity as metric dimension. 

The regularity axiom does not hold [23] in its rigorous form but it looks as 
if there might be some substitute for it since for h G Am, \D\^h\D\~^ — (f^^h 
is of order -1. Thus, by (43) and recalhng that /i< e G and h< f & A_i for 
h E Aq = A, it appears that the principal symbol of |D| is not a scalar. But 
one can still work with this sort of 'spin anomaly' by using q- mutators since 



\Dr[D,h]-[l' l_.)[D,h]\Dr = ^{z)\D 



where k,{z) are bounded operators analytic in z. In fact a 'twisted local index 
formula' for SUq{2) was worked out in [23] in the framework of twisted cyclic 
cohomology. 

Concerning the orientation axiom perhaps some modification of [26] containing 
some proofs due to Heckenberger, and of [23] may be helpful. They show, that 
da := i[D, 7T(a)] gives the unique 2 dimensional covariant first order differential 
calculus of [25]. 

The related universal differential calculus contains a 74-central 2-form, with 
which one can associate (via the Haar measure Xj such that x('^^) = xib'^{^))j 
where a is the algebra automorphism of A given by cr = K^[>) a non-trivial 
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G-twisted cyclic Hochschild 2-cocycle r on A 

T(a,/?,7) ■=x(a{[5< e)(7</) -g2a(/3</)(7< e)) 

= {q-q-')-hogq Res,=2 Tr^ ( J \. ) K^\D\-^ a[D , p][D , ^] 
[26] (see also versions 1,2 of [19]). 

3.2. Equatorial quantum sphere. 

The algebra of equatorial Podles sphere can be written as 

ha = q'^ab, b*b + = 1, 66* + gV = 1. 

The classical subset is (the 'equator') given by the characters a i-^ 0, 6 i-^ A 
with |A| = 1. The related C*-algebra is extension of C{S^) by /C /C and 
Ko = Z2, Ki = 0. 

The symmetry used for the equivariance is now 

1 3 

k>a = a, e>a = q~^b*, f\>a = —q^^b, 

k>b = q~^b, e > 6 = -(1 + g"^)g^a, f>b = 0, 

k>b* = qb\ e > 6* = 0, / > 6* = (1 + q-'^)qia. 

In [17] the data 7 and J are as in sect. 3.1 and the representation (up to 
equivalence) is tt = 7r+ © 7r_ where 7r± are the (only) two irreducible Uq{su{2))- 
equivariant *-representations 

, ^(l_g2/-2r„+2)l/2(i_^^2/+2.„+2)l/2 
a ei^m = -q ^ _ ^4^^4 Q+l,m 

{^ ^2Vl _L ^4£+2 „2£-2m ^2£-2m+2\ 



_^_l(l - g2^-2 m)l/2(l _ ^2£+2m)l/2 

1-q^ 



/I „2€+2to+2n1/2/-| „2£+2m+4\l/2 
L ^ ^2£-2rn+lU__y J \^ ^ )__ ^ 

e^,m — Q. X - ^i+i,TM-i 



(l_^4;)(i_^4;+4) ^45) 

(l-g^^-^"')V^(l-g^^-^"'-^)V^ 

4£ ^e-l,mj-l- 



1-q^ 
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They are equivalent to the representation obtained by restricting the represen- 
tation (16,17) of A(SUq{2)) to the subalgebra A and by restricting 7i to the 
(L^-completion) of certain vector spaces (left A-modules) constructed in [3] . 

It is shown in [17] that J does not map 7r{A) to its commutant, but it does 
modulo the ideal Q C JC generated by the operator on ee^rn,s- More precisely, 
for any x,y ^ A, 

[JxJ-\y]eg. (46) 

The operator D is 

Dei,m,s = (^ + 1/2) ei,m,-s . (47) 

It is unique (up to rescaling and addition of a constant) under the same pos- 
tulates as in sect. 3.1 except the first order condition is required only up to ^, 
that is for all x, y £ yl, 

[jxJ-\[D,y]] eg . (48) 

More importantly, for any x E A, the commutators [D, x] are bounded. More- 
over, it is evident that D is self-adjoint on a natural domain in 7{ and has 
compact resolvent. Since the eigenvalues of |D| are /c = £ + | G N with mul- 
tiplicity 4/c the deformation is isospectral and the dimension requirement is 
satisfied with the spectral dimension of {A, H, D) being n = 2. 

3.3. Generic quantum sphere. 

The algebra of generic Podles sphere 5^^^ can be written as 

ha = q^ab^ h*h -\- — a = cl, 66* + q^a^ — (f'a = cl , 

where g'<l,0<c<oo. The classical subset is given by the characters 
a 1-^ 0, 6 1-^ A with |A| = c. The related C*-algebra is extension of C{S^) by 
/C e /C and i^o = ^^ ^1 = 0. 

A spectral triple on appeared in [7]. Therein, the Hilbert space 7i has 
orthonormal basis en,s with n G N, s G {— 1,+1}. The (faithful) unitary repre- 
sentation is 

a €n,s = (l/2 + s(c+l/4)V2) g2n^^^^ ^ (49) 

6 en,s = ((l/2 + s(c+l/4)V2)g2n_(i/2+s(c+l/4)V2)Y"+c)'6,,,. (50) 
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It is equivariant under the action a ^ z«, i-^ wi5 of the group ViV) x 
implemented on H. by e^ ,, i-^ z'^w^ Cij. A class of U{1) x ?7(l)-invariant Dirac 
operators was identified and among them, 

D €n,s = nen-s , (51) 

which is 1-summable, not positive and has bounded commutators with the al- 
gebra. This spectral triple is even, ^en,s = s en,s, has nontrivial Chern character 
but J and the first order condition are not considered and thus it corresponds to 
a spiUc manifold with Finsler metric. However, interestingly the corresponding 
Connes-de Rham differential complex has been computed. 

4. Final comments. 

It is worth mentioning that D, or its spectrum, taken individually carries only 
part of the available geometric information. It is the interplay of all the data 
of the spectral triple (also J and 7) on the Hilbert space, that imposes some 
really stringent restrictions and produces the spectacular consequences. 

The examples of some recently constructed spectral triples on quantum spheres 
we have described dissolve the widespread belief that Connes' approach to non- 
commutative geometry does not match quantum-group theory. 
The last example in Section 2 acting on two copies of the L2 space is odd, 
isospectral to the classical Dirac operator, 3-summable and has the Uq{sl{2)) 
Uq{sl(2)) symmetry. It exhibits a variation of 'up to infinitesimals' of the real- 
ity condition and the first order condition, which was anticipated by the even, 
isospectral, 2-summable, [/g(s/(2))-equivariant example in section 3.2. The 
(even) example of sect. 3.1 is not isospectral but it satisfies the reality and 
the first order axioms in the strict sense. 

We believe the isospectral deformations will prove useful in the g-geometry and 
will be omnipresent on other g-deformed spaces. In fact this point is is currently 
studied on general Podles sphere (including the standard one). 

There are several interesting open mathematical problems regarding the an- 
alytic properties of these spectral triples (regularity and finiteness) as well as 
the the algebraic ones (orientation and Poincare duality). The whole analysis 
along the lines of [11] culminating with the local index formulae is in prepara- 
tion. 
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From the more physical point of view the interesting questions regard the con- 
struction of a wider class of spectral triples and of the Yang-Mills and gravita- 
tion theories on q-deformed spaces. Does the action functional of [4], [5] attain 
the extrema on the most symmetric spectral triples or is sensitive to the value 
of q or of other parameters? 

Acknowledgments 

This work was partially supported by the EU Project INTAS 00-257. 
References 

[1] P. N. BiBiKOV, p. p. KuLiSH, Dirac operators on the quantum group 
SUg(2) and the quantum sphere, Zap. Nauchn. Sem. St. Petersburg. Otdel. 
Mat. Inst. Steklov. 245 (1997) Vopr. Kvant. Teor. Polya i Stat. Fiz. 14, 
49-65, 283; transl. in J. Math. Sci. 100 (2000) 2039-2050. 

[2] T. Brzezinski, S. Majid, Quantum differentials and the q-monopole re- 
visited Acta Appl. Math., 54, 185-233, 1998 

[3] T. Brzezinski, S. Majid, Quantum geometry of algebra factorisations 
and coalgebra bundles, Commun. Math. Phys. 213 (2000) 491-521. 

[4] A.H. Chamseddine, A. Connes, The Spectral Action Principle, Com- 
mun. Math. Phys. 186 (1997) 731-750. 

[5] A.H. Chamseddine, A. Connes, Universal Formula for Noncommu- 
tative Geometry Actions: Unification of Gravity and the Standard Model 
Phys. Rev. Lett. 77 (1996) 4868-4871. 

[6] P. S. Chakraborty, A. Pal Equivariant spectral triples on the quantum 
SU{2) group, K-Theory, 28 (2003) 107-126. (math.KT/0201004) 

[7] P. S. Chakraborty, A. Pal Spectral triples and associated Gonnes- 
de Rham complex for the quantum SU(2) and the quantum sphere, 
(math.QA/0210049) 

[8] P. S. Chakraborty, A. Pal Remark on Poincare duality for SUq{2), 
(math.QA/0211367) 

[9] A. Connes, Noncommutative Geometry, Academic Press, 1994. 



21 



[10] A. CONNES, Gravity coupled with matter and foundation of non- 
commutative geometry^ Comm. Math. Phys. 182 (1996) 155-176. 

[11] A. CONNES, Cyclic Cohomology, Quantum group Symmetries and the Lo- 
cal Index Formula for SUq(2)^ J. Inst. Math. Jussieu 3 (2004), 17-68. 
(math.QA/0209142) 

[12] A. CONNES, M. Dubois- ViOLETTE, Noncommutative finite- dimensional 
manifolds. I. Spherical manifolds and related examples Comm. Math. Phys. 
230 (2002) 539-579. 

[13] A. CONNES, G. Landi, Noncommutative manifolds, the instanton algebra 
and isospectral deformations^ Comm. Math. Phys. 221 (2001) 141-159. 

[14] A. CoNNES, H. Moscovici, Hopf Algebras, Cyclic Cohomology and the 
Transverse Index Theorem^ Commun. Math. Phys. 198 (1998) 199-246. 

[15] L. Dabrowski, The Garden of Quantum Spheres^ Banach Center Pubh- 
cations 61 37-48, 2003 

[16] L. Dabrowski, A. Sitarz, Dirac Operator on the Standard Podles Quan- 
tum Sphere Banach Center Pubhcations 61 49-58, 2003 (math.QA/0209048) 

[17] L. Dabrowski, G. Landi, M. Paschke, A. Sitarz, The Spectral Geo- 
metry of the Equatorial Podles Sphere (math.QA/0408034) 

[18] L. Dabrowski, G. Landi, A. Sitarz, W. van Suijlekom, J. Var- 
ILLY, The Dirac operator on SUq{2) (math.QA/0411609) 

[19] D. GoswAMi, Some Noncommutative Geometric Aspects of SUq{2) 
(math-ph/0108003) 

[20] J. M. Gracia-Bondia, J. C. Varilly, H. Figueroa, Elements of 
Noncommutative Geometry^ Birkhauser Adv. Texts, Birkhauser, Boston, 
MA, 2001. 

[21] N. HiGSON, The local index formula in noncommutative geometry (Trieste 
lecture notes), http:/ /www. math.psu.edu/higson/Papers/trieste.pdf 

[22] P.M. Hajag, S.Majid, Projective module description of the q-monopole 
Commun. Math. Phys. 206, 247-264, 1999 

[23] S. Neshveyev and L. Tuset, A local index formula for the quantum 
sphere (math.QA/0309275) 

22 



[24] P. PODLES, Quantum Spheres, Lett. Math. Phys. 14 (1987) 521-531. 

[25] P. PODLES, The classification of differential structures on quantum 2- 
spheres, Commun. Math. Phys. 150 (1992) 177-180. 

[26] K. SCHMUEDGEN, E. Wagner, Dirac operator and a twisted cyclic cocycle 
on the standard Podles quantum sphere (nnath.QA/0305051) 

[27] M. WODZICKI, Noncommutative residue. I. Fundamentals. In K-theory, 
arithmetic and geometry, Lect. Notes Math. 1289, 320-399; Springer 1987. 

[28] S. L. WORONOWICZ, Twisted SU{2) group. An example of a noncom- 
mutative differential calculus, Publ. RIMS, Kyoto University, 23 (1987), 
117-181. 



23 



